In this paper we analyse a model of the conflicts between equityholders and debtholders regarding the optimal exercise moment for investment in a firm whose only asset is a concession contract. This setting reflects the reality of, not only traditional concessions, but also image rights and audiovisual contracts.
Introduction
This paper analyses the decision to invest in a concession contract where the cost of investment is partially financed by an amortisable commitment loan. It also considers agency conflicts between equityholders and debtholders regarding the timing of investment and assesses the extent to which debt financing and agency conflicts impact the investment decision, in terms of over or underinvestment incentives. Additionally, it analyses the impact of agency conflicts in terms of optimal debt levels and the price of debt.
The study of real options in an agency theory framework is justified by the fact that additional real flexibility (that real options provide by definition) widens the scope of actions an agent may take to pursue his selfish interests. Empirical results widely support this argument (e.g. Bradley, Jarell and Kim, 1984 , Long and Malitz, 1985 , Smith and Watts, 1992 , Barclay, Smith and Watts, 1995 and Mackay, 2003 1 .
We define a setting where investors have an option to invest in a firm which has as only asset a contract granting it exclusive rights to operate, for a fixed period of time, an asset which continuously releases cash-flows. Investment in this firm represents an irreversible cost which is partially financed with a continuously amortizable commitment loan 2 . This setting aims at replicating the general characteristics of a concession contract (an oil concession or a public utility concession with the payment of a one time fixed fee) where the concessionaire is entitled to the revenues generated by the business (oil sales, water or energy distribution fees, etc), has exclusive rights over the business (granted by public authority) and has a fixed term for this contract, upon which the asset returns to its owner (there is no residual value for the concessionaire). Other contracts with characteristics that fit these settings are image and audiovisual rights contracts. These contracts have been growing in notoriety especially in sports activities, where nowadays the value of an athletes' image usually represents a significant part of the transfer fees. However, when compared to a classical concession contract, the guarantees of exclusivity in these contracts are weaker due to a void in some countries' legislation protecting the commercial use of a person's image (Penfold et al, 2005, and Veysey, 2002) .
This paper contributes to the literature studying the interactions between investment and financing decisions in the context of time constrained investment decisions. By incorporating agency conflicts it extends on previous work by Mauer and Triantis (1994) . It also extends the study of agency conflicts in the context of investment options by considering time constraints, for both the option to delay investment and the subsequent firm, and by embodying to this framework growing investment costs and issuance costs of debt (incorporating in a different environment some of the features of Leland, 1998 , Ericsson, 2000 and Mauer and Sarkar, 2005 . For all these scenarios it analyses the effect of agency conflicts on the investment decisions and optimal debt levels. The objective is to provide predictions and theoretical arguments regarding the size of agency costs and debt targets in a way that they can be empirically tested. The specific settings of the model prevent generalising most of the conclusions; however this was never the intention. The aim is to study a specific type of contractual relationship which is increasingly more common, and for which there is no thorough analysis in the existing literature.
The structure of the paper is as follows. Section 2 presents the model, beginning with a description of the sequence of decisions and specifying the most important moments. The firms' dynamics are defined first in section 2.1, detailing the differences between the unlevered and the levered firm. Additionally to defining the value of the equity and debt claims this section also defines also the value of the tax shields and bankruptcy costs of debt. Next, section 2.2 defines the two different investment option exercise policies, examining and detailing the differences between them. Additionally to the financial effects of leverage it also defines the effects of the operationally sub-optimal investment decisions.
Section 2.3 defines agency costs dividing them between the financial and the purely operational components. Section 3 analyses the results of the numerical simulations in terms of the impact of debt financing and agency conflicts on the investment decision. It examines in detail what happens at the expiry moment of the option to invest. Additionally, it analyses the impact of different market conditions and different asset characteristics on the agency costs of debt and on the optimal debt levels. Finally, section 4 concludes. Figure 1 illustrates the fact that the moment at which investment occurs is irrelevant for the dynamics and present value of the firm since it does not impact the life expectancy of the firm. Although expiring at different moments, the present value at t' is the same 3 .
The model
Like other models incorporating agency conflicts, this model of the equity-debtholder conflict makes two basic assumptions. Firstly, having the capacity to make decisions based on his self interest, the agent (equity, or management acting on behalf of equityholders) will do so. This translates into equityholders basing their investment decisions not on the criteria of firm value maximisation, but on self profit-maximising rationales. Secondly, being aware that the agent has the capacity to act according to his self-interest, the principal (debtholder)
anticipates this opportunistic behaviour and prices debt (r d ) based on this assumption 4 . Two different investment option exercise policies 5 can then be defined. The first-best policy pursues the objective of maximizing the present value of the firm and the second-best policy as pursues the objective of maximizing the present value of equity. In this sense, it represents an approach similar to Mauer and Ott (2000) , Titman and Tsyplakov (2002) , Childs et al. (2005) and Mauer and Sarkar (2005) . Other authors provide a different rational for both policies (e.g. Leland, 1998 , Jou and Lee, 2004 , Moyen, 2000 or Mao, 2002 6 .
3 Note that the model represents sequential compound options and not simultaneous, with the exercise of the option to investment the option to abandon operations is created. 4 The optimal F and the fair interest rate r d are naturally expected to differ for both investment option exercising policies. 5 Regarding the exercise of the abandonment option there is only one policy, because to formulate a first-best abandonment decision as Leland (1998) points out would lead to a violation of the limited liability rule. 6 The differences are sometimes more of form than substance, in both cases the first-best policy acts as a benchmark and all assume the impossibility of pre-commitment regarding the investment exercise policy, thereby, it is possible to relate the results and conclusions regarding the agency costs. However, in some cases Section 2.1 defines the dynamics after investment occurs (t>t'). It begins with the unlevered firm ( ) , U V P t because although the focus is on analysing conflicts between equity and debtholders, the unlevered case is crucial to define the firms' dynamics upon exercise of the abandonment option 7 and also because ( ) , U V P t represents the pure operating value of the concession contract. Secondly, the dynamics of the levered firm, equity, debt and debt effects are defined. Section 2.2 focuses on the dynamics prior to the exercise of the option to invest (t<t'). Once again it begins with the unlevered case, which provides the benchmark, which allows determining the operational costs of debt financing. These are defined as overinvestment and underinvestment costs. The two different investment exercise policies, first and second-best are analysed in detail, and the present value for the Net Present Value (NPV) to the levered firm, equity, debt and the present value of the debt effects (financial and operational) is defined. This section concludes with the definition of what constitutes fair rate and optimal leverage. Finally, section 2.3 focuses on the agency costs of debt dividing them into financial and operational costs.
Dynamics of the firm
The underlying asset P represents the present value of the perpetual expected after-tax cash flows that an asset generates. The market value of P follows Geometric Brownian Motion (gBm), evolving according to the following process:
where µ represents the total expected market return, σ represents volatility and dz is the increment of a standard Wiener process. The cash-flow rate α is assumed to be a constant proportion of P, and is paid out to all security holders. Furthermore, it is assumed that financial markets are complete, providing investors with portfolios of traded securities that can replicate the return and risk characteristics of all the assets considered. This allows investors to construct continuously rebalanced self-financing portfolios combining risky and a riskless asset that yields a constant return rate of r per year, replicating the value of the assets. (Moyen, 2000, and Mao, 2002) because the authors disregarded the financial impact of the first-best policy it becomes difficult to compare results and conclusions. 7 V U itself does not have an abandonment option, since there are no fixed costs, no positive abandonment value and P follows gBm (once operating, the value of V U will never be negative).
The unlevered firm
( ) 
With the operator { } X L being equal to the following partial differential equation (PDE),
Equation (1) must be solved subject to the following boundary conditions ( )
Expression (1.a) represents the terminal condition at
when the concession contract expires and operations are terminated. It basically reflects the fact that there is no terminal value for the concession contract. Expression (1.b) represents the absorbing barrier at P=0.
The expression of the value of ( ) , U V P t represents the standard formula for the NPV of an annuity lasting T C of an income stream of P α discounted at the rate α. Since there is no possibility of default, the value of the unlevered firm ( ) , U V P t operating the concession is linear in P 9 . Notice also that the value of ( ) , U V P t is the same regardless of the moment in time when investment occurs. It represents only a function of the market value of the underlying asset, the rate at which it releases cash-flows and the tenure of the concession contract.
The levered firm
Since there is no terminal value when the contract expires, for a concessionaire the only source of income are the cash flows the asset generates during the life of the contract. It is 8 The derivation of the PDE and the analytical solution of ( ) , U V P t are presented in Appendix I. 9 This solution also fits the Capital Asset Pricing Model for a dividend-paying asset P, since if P pays α on its market value, the capitalization factor of α can be used to value the perpetuity of annual payments α P, giving the correct value P α / α =P. then important to analyse the cash flows accruing to the different stakeholders of the firm when the investment is partially financed with debt.
The use of debt financing is justified by the fact that interest payments contrary to dividends are tax deductible. In this model taxes are represented by a corporate tax rate τ and a symmetrical tax system allowing for full loss offset provisions 10 . Debt is represented by a commitment loan; namely a contractual promise signed at 0 t to lend an amount F at a predetermined rate r d for a period of time T C , during which the firm will regularly make interest and amortization payments.
At the moment debt is issued the firm will incur issuance costs of κF. Since there is no terminal value at expiry of the concession contract, debt is amortized during the life of the concession. Two different scenarios regarding the debt repayment schedule are considered: a constant repayments schedule -increasing amortizations, and a constant amortizations schedule -decreasing debt service payments 11 .
The differences between equityholders and debtholders objectives concern the moment when investment occurs. After investment occurs, the impact of the different investment option exercise polices results in different amounts of debt F and in a different fair rate r d .
However, the dynamics of the levered firm under the different investment option exercise policies are similar. Thereby, for the sake of simplicity, throughout the analysis of the levered firm the superscript
is used, where F stands for the first-best and S stands for the second-best exercise policy. The use of the superscript Φ reminds constantly that although the firms' dynamics are similar, there are differences in the amounts and price of debt for the two investment polices considered.
The cash flows accruing to debt 
, including the operational cash flows plus the interest tax shields of debt. Equity
, is entitled to the difference between the cash flows the levered firm generates (operational and tax shields) and the cash flows 10 The model could be easily adapted to accommodate a partially symmetrical or asymmetrical tax system and also personal taxation of coupons, dividends or capital gains. 11 Appendix 2 presents the derivation of the cash flows accruing to debt and the interest tax shields of debt for both amortization schedules.
accruing to debt,
, , , , , ,
. When this difference is positive, it will be paid out as a dividend, whenever it is negative, equity will make cash injection in the form of a shareholders' loan (pseudo equity without commitment to receive interests). These payments will always be made until their value becomes larger than the present value of the future expected cash flows to equity, upon which equity defaults on the debt payments surrendering the firm to debtholders. Table 1 summarizes all the assets valued at a firm level and at an option level.
[
INSERT TABLE1]
Again, using standard hedging and non-arbitrage arguments we derived the equation that governs the value of ( )
The value of equity must satisfy the following boundary conditions, where P D , represents the value of P at which equity optimally chooses to default at moment t 12 ,
Boundary (2.a) reflects the fact that there is no residual value when the concession contract expires. Boundary (2.b) enforces the limited liability and absolute priority rules, ensuring that equity remains a residual claimant with limited liability. In option terms the option to abandon represents a put option on the shares that equity holds with a strike price of zero.
Boundary (2.c) represents the smooth pasting condition and ensures that the decision of equity to default on debt payments and surrender the firm to debtholders is optimally chosen 13 .
The value of the levered firm
is governed by,
12 P D (t) represents the default boundary throughout the life of the concession, some authors choose to refer to it as the default trigger function. 13 Although we present the smooth pasting conditions for exercise of the abandonment and investment options, they were not explicitly used in the solution of the model, since its complexity precluded any analytical solution. The numerical solution adopted however, insured the optimality of the decisions to abandon or invest in both policies considered.
The value of the firm must satisfy the following boundary conditions,
Boundary (3.a) reflects the fact that at maturity there is no liquidation value for the firm.
Boundary (3.b) represents the value matching condition when equity optimally decides to default on the debt payments. Since debtholders become the owners of the firm, the firm becomes unlevered and additionally depreciates δ representing the bankruptcy costs of debt. 
With the following boundary conditions,
Boundary (4.a) reflects the fact that at expiry of the concession contract debt is fully amortised. Boundary (4.b) represents the value matching condition at default. Debt becomes the sole owner of an unlevered firm, which deprecated in the proportion δ. 
At expiry of the concession contract the terminal conditions are,
At expiry of the concession contract the firm is liquidated, debt is fully amortized, there are no more interest tax shields of debt and no bankruptcy costs.
When equity optimally decides to default on the debt payments, the following value matching boundaries apply for
At default, debtholders become the sole owners of an unlevered firm. There are no more interest payments and no more tax shields of debt being generated, from that moment on debtholders become equityholders and whatever cash flows they receive are dividends.
Bankruptcy costs represent the portion of the unlevered firm value that is lost during the bankruptcy procedures.
Dynamics of the investment option
Investors can acquire the concession by paying I growing at a constant rate of γ. This cost will be partially financed with the proceedings from the commitment loan.
The unlevered case, once again, provides the benchmark against which the impact of debt financing becomes obvious. It is also important to determine the costs of the operationally suboptimal investment exercise policies. 
with the following boundary conditions, where P I represents the asset value at which investors will optimally exercise the option to invest in the unlevered firm at moment t,
Boundary (7.a) reflects the comparison between the NPV for investment at expiry of the investment option with the value of letting the option expire unexercised. At expiry investment optimally occurs for positive NPV values. Condition (7.b) represents the investment option free exercise boundary. Condition (7.c) insures that the asset value at which investment occurs is the one that maximizes the value of 0 U V .
First-best investment option exercise policy
Similarly to the analysis of the unlevered case, the first-best policy is also important as a benchmark. Would it be possible to pre-commit to an optimal exercise policy at firm level, and all actors (the various stakeholders of the firm) would be better off. However, it is unrealistic to consider that such covenants could either be written in a debt contract or enforced without incurring in prohibitively high monitoring costs. The analysis of the differences between the first-best case and the second-best case provide the expected size of the opportunity cost, which is incurred by society at large and shareholders in particular, for not having a better contractual system. 
Second-best investment option exercise policy
Being able to decide when to invest, equityholders naturally favour maximizing their own wealth in detriment of maximizing the combined wealth of all the stakeholders of the firm.
( )

0
, S E P t represents the present value of the NPV to equity in a firm that follows an investment exercise policy of NPV to equity maximization. The equation governing its value is 14 ,
The value of
E P t must satisfy the following boundary conditions, where
P represents the asset value, at which investment occurs in the second-best investment option policy,
Boundary (9.a) reflects the second-best investment exercise policy at maturity of the investment option. This policy aims at maximizing the NPV to equity, rather than the NPV to firm. It can occur that under the second-best policy equityholders optimally exercise the investment option at negative values of the NPV to the levered firm 15 . Boundary condition (9.b) represents the free boundary at investment option exercise. Condition (9.c) insures that (9) for the value of
15 The value matching condition at maturity of the investment option considering the second-best policy for
. Similarly for equity in the first-best policy, the value matching condition at exercise of the investment option is
. 16 The value matching condition for ( )
. For equity, in the first-best exercise policy the value matching condition is (
, , , ,
possibility open. By including a negative covenant preventing the firm to issue any new securities, equityholders can, and gladly pre-commit themselves not to do so 17 .
The relationship and differences between both investment exercise policies, become clear in the analysis of the terminal boundaries at expiry of the investment option.
Boundary condition (8.a) can also be expressed as,
This expression basically states that the NPV to the levered firm equals the sum of the NPV to equity and the NPV to debt.
Considering that the decision to invest is made by the equityholders 18 , for investment to occur at expiry of the option to invest it is sufficient that
is greater than zero. Thereby the investment rule for the second-best policy becomes,
, the differences between both policies become clear. In the second best policy investment occurs, when,
This can be expressed as,
The left hand side of the inequality represents the first-best policy investment valuematching condition (NPV to firm). The right hand side represents the NPV to debt, or more commonly the difference between the market value of debt and its face value.
As long as the market value of debt equals its face value, there is no difference between the first and the second-best policies and the second-best investment rule collapses to the firstbest. However, in a commitment loan, only by chance will the face value of debt equal its market value at any moment t for, 0 I t t T ≤ ≤ . Whenever, the market value of debt is lower than its face value, there will always be a degree of overinvestment of the second-best policy relatively to the first-best. Rational equityholders invest at lower values of the underlying
and finance the negative NPV to firm with the wealth they are free 17 By keeping the possibility of pursuing investments solely financed with debt, equityholders would explicitly deprive debtholders of any upside potential, forcing them to raise the credit spread and lowering the debt capacity of the firm. The consequences for equity of such high credit spreads would in most cases completely eliminate the positive effects of debt financing. Thereby being able to do so, equityholders are willing to precommit to, when investing doing so using the proceeds of the commitment loan. We have modelled this possibility and it virtually eliminates any positive aspects of debt financing. 18 Or by the managers on behalf of the equityholders, with the objective of maximizing ( ) 0 , S E P t to expropriate from debtholders. As long as the NPV to debt is lower than the NPV to firm, equityholders are always willing to invest. The opposite will never occur. The NPV to debtholders will never be greater than the NPV to the firm, given the fact that debt does not have the upside potential of favourable movements in P.
Net present value to debt and debt effects at the level of the investment option
represents the present value of the NPV to debt. Its value is a function of ( )
but also of ( )
, , ,
At maturity of the investment option, boundary ( 
One more effect is taken into account, the issuance costs of debt
represents the present value of the issuance costs as a function of time and amount of leverage. They represent an additional cost of investment in the levered firm relatively to the 19 For the assets we now analyse, the impact of the two different investment option exercise policies is in defining the exercise free boundary ( ) F I P t for the first-best policy and ( ) S I P t for the second-best policy. The dynamics of the assets we define henceforth are similar for both policies, thereby, we will use the superscript Φ once again, in order to avoid redundancy. unlevered firm. When investment occurs in the levered case two options are being exercised, the option to invest in a levered firm and the option to take in debt.
The value of 
, ,
Boundaries (11.a), (12.a) and (13.a) represent the terminal boundaries at expiry of the investment option when investment occurs. Their value is zero otherwise.
Prior to expiry of the investment option, boundaries (11.b), (12.b) and (13.b) represent the investment value matching conditions.
Over and underinvestment costs
So far the effects of debt financing impacted either the value of the firm or the cost of investment (
indirectly increases the cost of investing). In reality, the differences between the investment boundaries also represent effects of debt financing. To account for these costs two effects are defined, overinvestment
costs. These effects are always negative or zero, because they reflect a deviation from an operationally optimal exercise decision. Overall, the changes in the investment boundary are positive for the firm because it allows it to increase the amount of interest tax shields.
However, it incorporates costs; a direct cost from issuing debt in terms of increased bankruptcy costs and issuance costs, and indirect costs in terms of the operational suboptimalitity of the exercise policy.
The values of
They must satisfy the following terminal and free boundary conditions, When ( ) ( ) When ( ) ( )
20 Although underinvestment effects of debt financing of investment options may seem counterintuitive, they might happen for extremely large levels of debt financing when the marginal bankruptcy costs largely exceed the marginal tax shields, making it costlier to invest. This situation only happens for levels of leverage that largely exceed the optimal debt target. These costs arise when investors have serious financial constrains. 
Optimal debt levels and fair rates
The face value of debt in the first (F F ) and second-best policies (F S ) are solutions to the following maximization problems,
For both investment option exercise policies 22 , F Φ represents the amount of debt that maximizes the value of the option to invest on a levered firm at time 0 t , since it represents the moment when the commitment loan is agreed and the amount F Φ is defined. In no case can F Φ be greater than the value of I. This assumption is not very limiting, since the optimal amount of leverage would only be greater than the cost of investment in a very favourable tax system. 
Agency costs
This section defines the agency costs of debt beginning with their simplest expression,
21 The superscript * represents the diffused values for U V 0 and Φ 0 U , if the value-matching boundary condition for exercise of the investment option in the unlevered case was not enforced. 22 Since the maximization problem is similar for both policies, we make use of the superscript Φ for the sake of simplicity.
It is important to notice that there is no mispricing of the debt claims, contrary to other conflicts, and there is no explicit wealth transfer effect occurring. Equityholders do not consciously try to expropriate debtholders of their wealth by making extraordinary dividend payments or by in any other way reducing the asset basis of the firm. The main cost is different, and it is "paid" by the economy at large. The difference in firm value between both policies represents the economic cost of not obtaining the maximum profitability out of a specific set of assets. It should be reminded however, that this need not involve any unforeseen or unpriced transfer of wealth from debtholders to equityholders.
In order to better understand where the loss in value comes from we begin by analysing the impact of debt financing on the value of the investment option. 
Γ comprises the direct costs of debt financing such as loss of interest tax shields or increased bankruptcy costs, a direct consequence of leverage on the value of the firm. A Ω comprehends the operational opportunity costs, resulting from the changes in the investment option exercise boundary as a result of the agency conflicts. One further difference between both costs concerns their source. A Γ occur at firm level whereas A Ω arise at the investment option level. This degree of detail in the analysis of agency costs is essential in order to fully understand their nature in a fixed life project. 23 To decompose the agency costs between financial and operational is common in the agency theory literature A Ω represents operational costs, following Myers (1977, pg 149) which defines A Ω as the "costs of the suboptimal future investment strategy." Table 1 presents the base case parameters and a brief discussion of these parameters is also provided. All the arbitrarily determined parameters are as similar as possible to the ones used in previous research for comparison purposes.
Numerical Analysis
[ INSERT TABLE 2] What follows is an analysis of a case with a maturity of 2 years for an investment option on a firm that operates a concession during 8 years. This period is slightly shorter than the average oil or public utility concession, but still higher than most image or audiovisual rights contracts.
As far as the bankruptcy costs are concerned, they incorporate both the direct costs of distress and costs of disrupt of the normal business activities. It is not easy to present an accurate estimate of these costs due to the wide variability of the empirical results. As Gupton et al. (2000) point out, the wide spread on the estimations of bankruptcy costs and recovery rates is a source of frustration for credit risk modellers and investors. In the base case they are assumed to represent 40% of the unlevered firm value, as it falls in the range of recovery rates empirically observed (as high as 86% by Franks and Torous, 1994 , and 90% by Andrade and Kaplan, 1998 , and as low as 47% by Gupton et al., 2000) . These estimates were produced for bank loans, while other types of debt the bankruptcy costs tend to be higher. According to Dahiya et al. (2003) , bank loans are typically considered as senior debt and are in most cases secure. In this case they are the only source of debt financing, are unsecured and finance a fixed life asset. Hence, the base-case figure of 40% is somewhat above the lower bound of empirically observed rates of recovery.
The issuance costs are assumed to be 0% for the base case although later they are extended to 4% of the face value of debt. They consist of bank fees, legal fees and other transaction costs. This figure may seem relatively high for a bank loan when compared with underwriting spreads (Drucker and Manju, 2005) ; nevertheless the underwriting fee does not reflect entirely the remuneration of the underwriter because part of it is reflected in the credit spread, however in this model the credit spreads only reflect the default risk of the firm and the costs arising from moral hazard. According to Krishnaswami et al. (1999) private lenders have an informational advantage over public lenders 24 ; therefore the model does not reflect on the credit spread any adverse selection costs. Instead, it assumes that the 24 Best et al (1993) support this hypothesis with empirical evidence.
bank has non-public information regarding the future potential of the concession and it is aware of the volatility of the returns on the cash flows.
Regarding the growth rate of the investment costs, the base-case assumes a value of 0%. In later stages different scenarios are considered where this cost evolves at the inflation rate (the rates considered will always be inferior to the risk free rate since they represent ex-ante estimates (see Kandel at al, 1996) ).
Option to default and the different debt repayment schedules
The analysis includes, probably the two most common long-term repayment methods. A constant amortization schedule (CA) and a constant repayment (CR) schedule. Both debt repayment schedules have their advantages and disadvantages and in most cases one schedule is able to accommodate better the characteristics of the market and of the underlying asset, optimizing the value of the option to invest.
The CA schedule presents a lower average leverage ratio during the life of the loan, since the principal is repaid more rapidly when compared to the CR schedule (Graph 1). Thereby, it incurs less total interests over the life of the loan generating lower interest tax shields of debt. After a higher financial effort in the first moments 25 , debt service is considerably reduced relatively to the CR schedule (given of the lower amount of debt outstanding), where the effort is constant through the life of the loan.
[INSERT GRAPH 1]
The default boundaries for both debt schedules reflect exactly the differences between both debt schedules as it becomes clear from the analysis of Graph 2.
INSERT GRAPH 2]
The CA schedule initially presents a higher default boundary as a consequence of the higher effort required to meet the constant amortization plan. In the first moments, since the cashflows to debt in the CA schedule are higher, they also exhaust earlier the value of equity forcing it to default sooner. However, if the firm is able to meet the initial higher repayment requirements for the CA schedule, default is much less likely to occur than in the CR schedule. This is a consequence of the higher average debt levels in the CR schedule. In the CR schedule after the initial moments, the higher effort required to meet debt payments (due to the higher levels of debt outstanding and the consequently higher interest rate) induces equity to default earlier (or at higher values of the underlying) when compared with the CA schedule.
When able to meet the required payments the CR schedule generates significantly higher interest tax shields of debt since it also remunerates debt with higher interest rates.
Graph 2 portrays what happens in the lower end of the spectrum of future possible values of P. To put things in perspective, the likelihood of default must be analysed. For the CA schedule (which has the highest default boundary in the first years of operation) default occurs when P=33. In the worst case scenario investment occurs at the lowest possible value of P=124, so, in the CA case, for default to occur during the first 2.3 years of operation (when CA has a higher default boundary relatively to CR), the market value of P has to drop roughly 73%, something unlikely to occur to say the least. When the default boundary for CR steadily increases after the 6th year, the concession runs only for two years more.
Thereby, the higher cash-flows the CR schedule generated (because of the higher tax savings) during 6 years, substantially mitigate the higher bankruptcy costs the CR schedule has when compared to CA. This is the reason why the differences between the values of the investment option for both schedules at the optimal debt levels can never differ to much.
Debt financing, agency conflicts and the investment decisions
This section focuses on the impact of debt financing and the existence of agency conflicts on the investment decisions. The impact of debt financing is perceived by the shift in the investment boundary from the unlevered case to the first-best levered case. Similarly, the impact of debt financing is perceived by the shift in the investment boundary from the firstbest case to the second-best. The change in the investment boundary in the second-best case reflects the incentives decision makers have when they objectives of equity value maximization rather than firm value maximization.
[INSERT GRAPH 3]
By following a first-best policy of firm value maximization, investors have the incentive to move faster and invest earlier, relatively to the unlevered firm in order to capture the additional income provided by the interest tax shields.
In the second-best investment policy, the overinvestment effects relatively to the unlevered case are smaller. In other words, following a second-best policy investors underinvest relatively to a first-best policy
. These underinvestment incentives are very similar to the debt overhang problem described by Myers (1977) . Equity delays the exercise of the investment option in order not to share the benefits of the investment with the debtholders when equity bears a significant part of the costs. The definition of the optimal exercise boundary in the second-best policy balances several positive and negative effects. By exercising earlier (or closer to the first-best boundary) equity starts receiving dividends earlier and it also partially transfers the default risk to debtholders, in the event of bankruptcy, due to its limited liability (Mauer and Sarkar, 2005) 26 . On the other hand it shares part of the benefits with debtholders reducing its risk exposure and increases the probabilities of having to cover for any shortfall in the interest payments. By investing to early it also loses the value of waiting and the guarantee value provided by the option. In this case, the second effects dominate the first and the secondbest policy underinvests relatively to the first-best policy. However, these results cannot and
should not be generalised to all the cases where investment options are partially financed with commitment loans. A mere increase in the pay-out ratios 27 , or the possibility of financing shortfalls on interest payments with new debt or disinvestments would be sufficient to extend the overinvestment incentives from maturity to the full life of the option 28 . However, and similarly to results reported by Mauer and Triantis (1994) , the operational impact of this distortions in the investment policy prior to expiry of the investment option, are only marginal as reflected by the value of the overinvestment effects for the first-best policy reported in table2.
Although Graph 3 one does not present it explicitly, at expiry of the investment option the situation is very different. At expiry, the decision does no longer refer to the timing of investment, rather to whether investment itself should take place or not. In this case, investors following a second-best policy, which were taking a more prudent approach when analysing the investment decisions away from expiry, now take on a very aggressive overinvestment approach as the option expires ( ) ( ) ( )
. These effects have a greater impact on the value of the option than anything that happens prior to expiry. By underinvesting before maturity following a second-best policy, investors lose a portion of the tax shield effects of debt financing. By overinvesting at maturity they significantly expropriate debt of part of their wealth. At the investment option level, the present value of 26 Upon default debtholders bear the full bankruptcy costs, however, prior to default, debtholders receive the interest payments they are entitled to, and equity bears the cost of covering for any shortfall. This is the reason why we mentioned that the default risk is 'partially' transferred. 27 For a detailed analysis of early exercise features please see Subrahmanyam (1990) . 28 The effect of the guarantee value of the option is only marginal because of the aggressive overinvestment incentives equity have at the maturity of the investment option.
the underinvestment effect is thereby much smaller than the overinvestment. The overinvestment incentive, as anticipated by creditors, also induces higher credit spreads, lowers the debt capacity consequently lowering the positive impact of debt financing.
Section 2.2.2 presented the rational underlying these incentives, however in section 3.3 it is analysed with more detail.
[INSERT Although two incentives coexist, only one significantly impacts the value of the option to invest and it occurs at the expiry moment of the option to invest. These results give some relevance to arguments of previous research, focusing on the interactions between investment and financing decisions, where European profiles for the real options were considered.
Analysis at expiry of the investment option T I
Prior to expiry of the investment option, investors face the choice between investing or delaying investment. At expiry, the decision becomes whether to invest or not, either exercise the option or let it expire worthless. This represents the moment when the impact of the agency conflicts is more severe.
This framework considers the investment decision as an American option, however it is not always the case in concession contracts. Most public utility concessions configure themselves more like a European option, since the concession is obtained by submitting a public bid. The analysis of the expiry moment helps understand why considering similar operational efficiency, different financial structures and different sensibilities to agency conflicts may explain different biding prices for public utility concessions. 29 It is arguable that this might simply represent a risk shifting case.
Graph 4 represents the values of the unlevered firm, levered firm, equity and debt at expiry of the option to invest. It also included the cost of investment, the optimal amount of debt financing for the first-best policy and the difference between the cost of investment and the face value of debt (since it represents the cost of investment for equity).
[ INSERT GRAPH 4] For the base case parameters, the optimal amount of leverage is 23.75 representing 47.5% of the total cost of investment. For a P value of 100 at 0 t the fair rate However, given the impossibility of writing up a contract that commits equityholders not to invest at a lower value than 130.8 for the underlying asset (with very few exceptions, real options are not quoted and the costs for debtholders of tracking the market for P and monitoring equityholders' behaviour would be prohibitively high), at expiry, rational equityholders are willing to invest at 127.8. It is rational for them to do it because the overinvestment costs of 1.357 are more than compensated by the positive difference between the present value of the interest tax shields and the bankruptcy costs of debt and the negative NPV to debt. By investing at such a low value they are effectively transferring the costs of default to debtholders, while retaining the upside potential of upward movements in
Debtholders rationally anticipate this behaviour and assume that equityholders would invest at values of P lower than 130.8, they thereby require an interest rate higher than 7.6% to make the debt contract fair. By requiring a higher rate, debtholders make debt less attractive. Return now to the example of a bid for a public utility concession. Consider that the concession would be assigned to the bid in which the concessionaire would commit himself to invest more in the renovation or expansion of the public infrastructure 33 . Although this does not represent an objective of this work it becomes clear from the analysis of the different investment triggers at expiry of the investment option, ( )
, how the existence of debt financing and of agency conflicts may explain why, given similar operational efficiency, it is rational for some firms to submit bids that may look irrational otherwise.
Agency Costs
The first obvious conclusion from the analysis of Table 4 concerns the fact that agency costs of debt are always higher in the CR schedule relatively to the CA schedule. The fact that default is more likely to occur later in time, due to the significant difference between the asset value at which investment occurs and the asset value at which equity defaults, makes it more likely to occur in the CR schedule. Even considering adverse movements in P it will take some time for the losses to exhaust the value of equity. This fact reduces the relative advantage of the CR schedule over the CA schedule in the initial moments after investment occurs. Thereby in the CR schedule, at expiry of the option to invest, equityholders are willing to invest at lower values of the underlying because they can transfer a higher default risk to debtholders when compared with the CA schedule.
[ INSERT TABLE 4] Higher volatility of the underlying asset increases the value of the options, however, a riskier asset also generates higher agency costs of debt financing. The positive relationship between the agency costs of debt and the volatility of the assets relates to the increased incentives it gives equityholders to overinvest at expiry of the option to invest. With low 32 The lower interest rate is explained by the lower debt ratio for the second-best policy, for the same amounts of debt financing the interest rate is naturally high in the second-best policy. 33 In this framework I would become a variable endogenous to the model, which would maximize the values of volatility, the value of the option to default is very low, since bankruptcy is very unlikely to occur. With riskier assets, default becomes a real possibility and equity is willing to invest at lower values of the underlying since it can transfer most of the default risk to debtholders while retaining the upside potential (due to limited liability and the fixed nature of debts' claim). The increase in the value of waiting to invest encourages equity to delay investment, thereby increasing the underinvestment costs and increasing the probability of exercising the investment option at expiry at negative NPV values. For riskier assets the increase in the agency costs is bigger than the increase in the value of the option to invest. The impact of different risk levels on the agency costs of debt, confirms the results of Leland (1998) and Childs et al. (2005) , where increased volatility is accompanied by increasing agency costs.
However, these results contradict the findings of Mauer and Sarkar (2005) , although both settings portray an option to invest in a risky project. In both cases higher volatility translates in delayed investments in both policies 34 , but contrary to our results, the authors report an inverse relationship between volatility of the underlying asset and the agency costs of debt. As expiry of the option to invest approaches, the fact that this framework collapses into a 'now-or-never' decision, translates into a significant increase of the overinvestment costs at expiry of the option, which may help explain the differences between this results and those from Mauer and Sarkar (2005) .
Similarly to Leland (1998) , this results indicate that changes in the pay-out ratios have little impact on the agency costs, since higher pay-out ratios increase significantly the value of the option to invest, the agency costs of debt are relatively less important for higher values of α.
For assets with rapidly growing costs of investment the value of the option to invest is lower when compared with assets where the cost of investment remains stable over time because the expected cost of investment is higher. However, the agency costs are lower for assets with rapidly growing costs of investment. Before, it was reported that the moment where most of the agency costs of investment are generated is at expiry of the option to invest.
With growing costs of investment investors have the incentive to anticipate investment and this makes it less likely that investment will occur at expiry of the investment option.
The higher the issuance costs the lower is the value of the option to invest in a levered firm and the agency costs of debt 35 . Higher issuance costs reduce the incentives to overinvest at expiry of the investment option because they make investment more expensive for the 34 As evidenced by the lower overinvestment effects for the first-best policy and higher underinvestment effects for the second-best policy. 35 Similar results were reported by Childs et al. (2005) in their static financing case. levered firm. For very high issuance costs investment becomes so expensive for the levered firm that investors will underinvest relatively to the unlevered firm. However, even in this case the agency costs of debt will not increase, because the impact of a higher κ in the incentives of the investors is the same whether they aim at maximizing firm value or equity value. However, for high issuance costs, the composition of the agency costs will be different. The degree of underinvestment will be greater in the first-best policy relatively to the second-best where the investment boundary will be closer to the operationally optimal, and the present value of the issuance costs will be larger in the second-best policy since investment is more likely to occur earlier.
Higher bankruptcy costs have a negative impact on the value of an option to invest on a levered firm, and a positive impact on the agency costs of debt. A costlier bankruptcy procedure has a greater impact on the debt claim than on the equity claim given its limited liability. Therefore, the fair interest rate is also much higher in the second-best policy as the bankruptcy costs increase. Although the incentives to invest at lower values of the asset are reduced, they are not completely eliminated, and the consequential higher interest rate, in the second-best case, makes bankruptcy much likelier to occur (higher interest repayments exhaust the value of the equity claim faster). Contrary to the agency costs when bankruptcy procedures destroy less value of the firm, which are entirely born of the loss of pure operating value due to suboptimal investment decisions, when bankruptcy is expensive the agency costs reflect entirely the fact that bankruptcy is much more likely to occur.
On the other extreme there is a positive impact of the corporate tax rate on the value of the option to invest on a levered firm. Higher corporate tax rates also generate lower agency costs of debt. Although with higher tax rates, investment is more likely to occur at a lower asset value for both the first-best and the second-best policies, the likelihood of default is reduced via the increase of income through higher tax savings. For high corporate tax rates, the present value of the higher tax savings in the second-best policy (given the higher interest rate) more than compensates the bigger incentive to invest at values clearly below what would be operationally optimal.
The risk free rate influences the opportunity cost of not deferring the payment of the investment costs, so, the higher the risk free rate the smaller are the incentives to invest earlier. This delay in investment makes it more likely to occur at expiry of the investment option. However, the financial impact of a higher r in terms of increased debt tax shields and reduced bankruptcy costs more than compensates the increase in the operational component of the agency costs. Analysing the agency costs as a proportion of the value of the option to invest, the reduction becomes more obvious because of the positive impact of high interest rates in the value of the option to invest. Mauer and Sarkar (2005) report a similar impact of higher risk free rates on the size of the agency costs of debt.
The time to expiry of the option to invest has an influence similar to the risk free rate. As the time to expiry increases so does the opportunity cost of investing earlier in terms of the time value of the cost of investment. Similarly, the insurance value of the option also rises, because there is a greater probability of being able to invest at better market conditions. On the other hand there is also a greater probability that, at expiry of the investment option, it will not be optimal to invest. Thereby, for higher T I the probability of investing at expiry of the investment option increases. However, the positive impact of higher T I on the value of the option is larger than the rise in the agency costs of debt, therefore the relative impact of the agency costs for higher T I is much smaller.
The last parameter considered is the tenor of the concession contract, the longer its life expectancy the higher will be the value of the concession itself. As the value of the concession increases so do the probabilities of early exercise, the investment boundary shifts downward. For higher T C when investment occurs at expiry of the option to invest it will also occur at much lower values of P. Although somewhat limited by the higher probabilities of early exercise, the size of the overinvestment costs, at expiry of the option to invest, is much larger for longer life concessions. When considering the relative importance of the agency costs, they lose some impact, given the rise in value of the option to invest.
Although agency costs grow with T C they are relatively less significant.
Optimal debt levels
This section analyses how different market conditions and different asset characteristics influence the choice of optimal debt levels and the agency costs.
INSERT TABLE5]
From a first analysis of Table 5 it immediate stands out that the higher is the debt capacity of the firm the higher are the agency costs of debt. This result is interesting since it reflects a direct positive relationship between leverage ratios and agency costs of debt. Several papers (e.g. Leland, 1998) have tried to analyse the existence of a positive relationship between debt levels and agency costs, something that this results overwhelmingly support. One other aspect common in all the different market and asset scenarios considered, is how agency conflicts reduce the debt capacity of firms. The debt capacity of the policy of firm value maximization is always bigger than that of the policy of equity value maximization and sometimes these differences are significant.
The optimal debt target is higher for very risky assets and for assets with very low risk. The U shape of the optimal debt target to different levels of risk can be explained in the following way. The less risky the asset is the lower are the expected bankruptcy costs and the bigger is the positive impact of debt (difference between the interest tax shields and the bankruptcy costs of debt). Naturally for low risk assets the operational component of the agency costs will be larger, since the financial incentives significantly lower the optimal investment exercise boundary relatively to the unlevered firm value. As volatility increases, debt becomes less attractive due to rapidly growing bankruptcy costs. However, the growing bankruptcy costs become less significant (reduced marginal bankruptcy costs) as the increase in volatility significantly increases the investment option value. The change occurs at the minimum target debt ratio (between 30% -50% volatility). In the second-best investment policy the rise in the optimal debt level is much less pronounced, because higher volatility significantly increases the agency costs of debt. By increasing the value of the option it encourages equity to delay the investment exercise moment, thereby increasing the underinvestment costs and increasing the probability of investing at negative NPV values at expiry. In other words, increases in volatility, by exacerbating suboptimal investment choices by equityholders, limit the growth of the target debt ratio and eliminate the positive effect of the higher investment option values 36 . It is interesting to observe how the nature of the agency costs shifts as volatility increases. At low levels of volatility the agency costs are born essentially from operational effects, for high values of volatility, the direct financing effects represent a significant part of the agency cost in terms of the loss of interest tax shields due to the increase in the difference between the optimal debt target ratios for the first-best and second-best policies.
Higher pay-out ratios present lower optimal debt levels for both policies, however, the difference between both debt targets also becomes smaller, thereby the agency costs at the optimal debt levels are also much smaller.
Different growth rates for the investment costs do not seem to impact significantly the optimal debt levels. Higher growth rates present slightly higher optimal levels of debt, however the effect they have on the debt capacity of the firm is not very clear.
As expected, higher issuance costs of debt reduce the optimal debt targets, by making debt financing more expensive and thereby less attractive. In terms of agency costs, they represent a decreasing function of the issuance costs. Similar results were reported by Childs et al. (2005) in their static financing case. For sufficiently high issuance costs the agency costs are eliminated. The decrease in the optimal debt target produces these results (less debt, less agency conflicts). However significant the reduction in agency costs is, issuance costs do not represent a viable moral hazard control mechanism. It is obvious from the analysis of the impact of higher values for κ in the investment option value, the reduction in value largely exceeds the value of the agency costs of debt when κ=0. Also, growing issuance costs do not reduce the incentives equity has to overinvest, they merely make it costlier to overinvest 37 .
Bankruptcy costs have a similar impact. Higher bankruptcy costs of debt reduce the optimal debt target for both policies, ultimately levelling them out. The reduction in the optimal debt levels induces a reduction on the agency costs as the investment boundaries converge.
Similarly, lower corporate tax rates also reduce the agency costs by making debt less attractive. For low levels of debt, overinvestment incentives are marginal and debt has very low risk. Analogous results are reported in Leland (1998) , Mauer and Sarkar (2005) and Childs et al. (2005) concerning the relationship between bankruptcy costs, corporate tax rates, debt levels and agency costs.
Higher risk free rates increase the value of the option to invest, thereby making it more likely that the investment option will be exercised at higher values of the underlying asset (increased debt capacity). However it also makes it more likely that investment may occur at expiry at the investment option at negative operational NPV values. Something that is reflected in the higher agency costs of debt for higher risk free rates. Mauer and Sarkar (2005) also report similar impacts of increased risk free rates on both the optimal leverage and agency costs.
The impact of a longer life for the option to invest is similar to the impact of higher risk free rate, since it increases the value of waiting. It delays investment making it more likely to occur at higher values of the asset and thereby raising the optimal debt level. Although the higher value of waiting also increases the possibility of investment occurring at expiry, the 37 In a simple analogy think of the impact of issuance costs on the overinvestment problem as the impact of growing fees on a life insurance policy, they do not provide any incentives for clients to lead a healthier life, they simply make it more expensive for clients which are reckless to take up a life insurance policy.
extended expiry date of the option reduces the probability that the investment option will reach expiry unexercised. The lower increase in the operational component of the agency costs reflects this fact.
Longer duration for the concession directly increases the value of the firm. Longer time operating the concession and accumulating the cash flows it releases. Thereby it is natural that the optimal debt levels are significantly higher for longer concessions.
Although it may seem intuitively appealing to assume that the differences between both repayment schedules could be eliminated by adjusting the initial debt level, this is not the case, as it becomes obvious from the analysis of Table 4 . The relative advantage of one debt schedule over the other relates to the balance between the interest tax shield advantage of CR over CA and its disadvantage in terms of higher bankruptcy costs of debt and higher agency costs. In the CR schedule default occurs at higher values of the underlying (bankruptcy costs are proportional to the value of P) and earlier loss of interest tax shields (upon bankruptcy the firm remains unlevered since it becomes property of the lender).
However, the financial advantage in the RC schedule is generally bigger due to the higher value of interest tax shields it generates. Thereby, the more attractive debt is (the higher the optimal initial debt level F S ) the bigger the advantage of RC over CA, as reflected in Table 4 for all the parameters apart from cases of low volatility of the returns of P. For market conditions or asset characteristics where the optimal debt targets increase, the relative advantage of CR is such that even compensates the higher agency costs it generates.
For low volatility markets (for σ < 40%), the difference between the lower value at which investors are willing to invest (at expiry of the investment option naturally) and the default boundary is smaller when compared with a more volatile market. Furthermore, since lower volatility flattens both the investment option exercise boundary and the abandonment boundary, both investment and abandonment will occur almost as the option to invest goes in-the-money (with no volatility there is little value for waiting) and exit with a lower fall in the asset value relatively to higher volatile markets 38 . In this situation, the schedule that guarantees a higher expected life for the firm becomes the most desirable. Thereby the observed higher optimal debt level for the CA schedule, which is sufficiently higher to generate higher expected interest tax shields relatively to the CR schedule 39 .
Conclusion
While financing contracts remain incomplete, in the sense that they allow equityholders to adopt suboptimal investment policies while pursuing opportunistic objectives, agency relationships will remain a subject of interest. Contrary to the common perception, claiming that different types of real flexibility are generally associated with different incentives 40 , this analysis showed that different incentives (underinvestment and overinvestment) coexist in one single type of real flexibility (investment option). However, one type of incentive is clearly dominant; the impact of the overinvestment incentives on the value of the option to invest largely exceeds the impact of the underinvestment incentive confirming the conclusions of Mauer and Sarkar (2005) . The results support the argument that this dominant effect usually occurs at maturity of the option providing some validity for research assuming a European profile for the investment option. To consider time constraints in a context of investment options reflects the reality of both commitment loans and many real investment opportunities.
For similar parameters this model presents predictions for the relative size of the agency costs lower then those predicted by previous research (e.g. Leland, 1998 , Ericsson, 2000 , Titman and Tsyplakov, 2002 , Mauer and Sarkar, 2005 , Childs et al., 2005 , being particularly relevant the differences with Leland (1998) , since the author do not take into account operational component of the agency costs. The differences are most likely linked with the time constraints for the investment option and the concession, because as the results demonstrate there is a positive relationship between the life of the investment option and of the concession and the agency costs of debt (more pronounced for the case of the life of the concession). Although the impact of agency costs at the optimal debt target is relatively low,
given the size of most of the concession contracts the value the agency costs are always going to be significant and in the presence of budgetary constrains, forcing investors to take more debt than would be desirable, the agency costs are expected to grow rapidly. 39 The higher F S for CA is sufficiently high to compensate the higher interest rate and lower amortization rate of CR in generating higher interest tax shields. 40 For the case of growth options Mauer and Ott (2000) demonstrate how equityholders have the incentive to underinvest, for the case of investment options incentives Mauer and Sarkar (2005) show how equityholders have the incentive to overinvest.
Agency costs reflect themselves in various levels and they are more complex than the mere difference of investment option values between different investment exercise policies. This paper proposes a way to divide them 41 and shows the importance of not only analysing their size but also they constitution. It is especially important to understand and identify the source of the agency costs in order to try and mitigate them through more efficient contractual relationships.
The results at the optimal debt levels indicate that agency costs are more pronounced in conditions that optimize the use of debt financing: low bankruptcy costs, high corporate tax rates and high volatility markets. The model predicts a positive relationship between corporate tax rate, interest rate levels and growth rate of the investment costs with optimal debt levels. Inversely it predicts low levels of debt financing for markets with higher issuance or bankruptcy costs.
For the firms' decision makers the results evidence the importance of the choice of the debt repayment schedule to maximize the firm value. The different repayment schedules are not perfect substitutes and adjustments to the initial debt levels do not eliminate the attractiveness of one schedule over the other. At the optimal debt level one repayment schedule always tends to dominate the other. Overall, and although it is the one that generates more agency costs, the constant repayment schedule tends to be more attractive.
The constant amortization schedule is more suitable when volatility is low, when the cash pay-out ratio is high and when debt financing is less attractive (high bankruptcy costs of debt or low corporate tax rates).
The impact of the financing mix and agency conflicts in the competitiveness of firms is an area where interesting results may be found. This model it is not the most appropriate to capture these implications but it leaves some clues that might motivate further research.
Even though, this area has been subject of recent interest by academics it still needs further theoretical work to clarify the nature of some relationships but especially empirical work that can shed some light in some of the discrepancies in the theoretical body of knowledge already developed. Appendix 1: Derivation of the PDE and value function for V U P represents the present value of the perpetual expected after-tax cash flows of the asset underlying the concession, considering it all-equity financed. The market value of P follows Geometric Brownian Motion, evolving according to the following process:
where µ represents the drift rate, σ represents volatility and dz is the increment of a standard Wiener process. The pay-out rate α is assumed to be a constant proportion of P. The value of a concession contract V U to operate P during T C can be represented as a function of P.
Thereby applying Ito's lemma we have,
Consider a portfolio π, consisting of a long position in V U and a ∆ short position in the underlying asset P or in a portfolio displaying the same risk characteristics of P with a correlation coefficient of its returns with those of P equal to 1. The portfolio can then be represented by
with ∆ being equal to,
The change in value of portfolio (dπ) is described by equation (A4). It incorporates both the changes in the assets' values (capital appreciation) and the cash flows accruing to the holders of each of the assets,
The owners of V U are entitled to the value of V U plus the cash flows it releases (αPdt). The owners of P are entitled to a proportion ∆ of the value of P plus the cash flows it releases (αPdt).
In expression (A5) after replacing dV U by (A2), dP by (A1) and ∆ by (A4), all the terms with dz and µ are cancelled out yielding the following expression, 
The value of V U must satisfy the following boundary conditions, In the derivation of the PDE's the dt term is eliminated, so, the expression of the cash flows accruing to debt in the constant debt repayment schedule becomes:
The tax shields are not so simple because they represent a function on the amount of debt outstanding at moment t. Once again we start of with the simplest expression (from a simple interest formula) for the amount of debt outstanding at moment n-1 (where 0<n<N). By multiplying it by r d and τ we get the value of the interest tax shields of debt. Next, we determine the limit for the case where interest is continuously compounded, yielding,
as N→∞ becomes,
In the derivation of the PDE's the dt term is eliminated, so, the expression of the interest tax shields of debt in the annuity case becomes,
Constant amortization schedule (CA)
Contrary to the CR schedule where debt cash-flows are constant over the life of the loan, in the CA schedule they are decreasing. Again we start with the expression for the simple interest case with N amortization moments, and then determine the limit for the case where interest is continuously compounded. The value of the debt payment at moment n (where
In the derivation of the PDE's the dt term is eliminated, so, the expression of the cash flows accruing to debt in the continuously compounded constant amortization schedule becomes:
Once again we start of with the simplest expression (from a simple interest formula) for the amount of debt outstanding at moment n-1 (where 0<n<N). By multiplying it by r d and τ we get the value of the interest tax shields of debt. Next, we determine the limit for the case where interest is continuously compounded, yielding,
In the derivation of the PDE's the dt term is eliminated, so, the expression of the interest tax shields of debt in the CA schedule becomes, Table 4 : Analysis of the impact of different market conditions and asset characteristics on the agency costs of debt considering a constant leverage ratio of 50% of the investment costs. We have not reflected the impact of the changes of the parameters on P. Although some parameters do not impact P, others, such as τ have an obvious impact on P. The results should not be analysed as sensitivity of the agency costs to changes in the parameters, but rather how different are the agency costs in different market conditions and for assets with different characteristics. Table 5 : Analysis of the impact of different market conditions and asset characteristics on the agency costs of debt and on the optimal debt levels. Once again, we have not reflected the impact of the changes of the parameters on P. Thereby, the results must be analysed in a similar way to Table 4 . 
Graphs
Graph 1: Principal balances on the two repayment schedules considered during the life of the loans. The values reflect optimal debt levels and fair interest rates considering the investment option secondbest exercise policy. The parameters are the ones defined for the base case and the optimal amounts of debt are 22.25 for both cases with an interest rate of 7.48% for the constant amortization schedule and 7.96% for the constant repayment schedule. 
( ) F t CR −
Graph 2 Default boundaries for the two repayment schedules during the life of the loans / concession contract. Again, the values reflect optimal debt levels and fair interest rates considering the investment option second-best exercise policy. The parameters are the ones defined for the base case and the optimal amounts of debt are 22.25 for both cases with an interest rate of 7.48% for the constant amortization schedule and 7.96% for the constant repayment schedule. 
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Graph 4: Analysis of the decision to invest at the expiry moment of the investment option for the constant amortization schedule. The parameters are the ones defined in the base case, the optimal amount of debt and the fair interest rate, were determined assuming a first-best policy. 
